We show that the polynomial decay rate of the heat semigroup of the Dirichlet Laplacian in curved planar wedges that are obtained as a compactly supported perturbation of straight wedges equals the sum of the usual dimensional decay rate and a multiple of the reciprocal value of the opening angle. To prove the result, we develop the method of self-similar variables for the associated heat equation and study the asymptotic behaviour of the transformed non-autonomous parabolic problem for large times. We also establish an improved Hardy inequality for the Dirichlet Laplacian in non-trivially curved wedges and state a conjecture about an improved decay rate in this case.
Introduction
Relations between the geometry of a domain, spectral properties of an associated differential operator and time evolution of the generated heat flow are one of the vintage problems of mathematics. The interest lies in the involvement of different fields of mathematics (notably differential geometry, spectral theory and partial differential equations) and a wide scope of applications (from classical dissipative systems and stochastic analysis to quantum mechanics). We refer to the classical book of Davies [8] and the recent monograph of Grigor'yan [20] with many references.
In this paper, we are interested in a large time behaviour of the heat semigroup associated with the Dirichlet Laplacian in the geometric setting of two-dimensional unbounded domains which are obtained as a curved deformation of the straight wedge Ω 0 := r cos ϕ, r sin ϕ r ∈ (0, ∞) , ϕ ∈ (0, 2πa)
with a ∈ (0, 1], see Figure 1 . The Brownian motion in straight cones has been extensively studied; see in particular [11] , [4] and the recent review [12] with many further references. However, the present curved feature of the boundary seems to be a new aspect. Our main result about the heat semigroup (Theorem 1) says that the polynomial decay rate is insensitive to our specific compactly supported perturbations of the straight wedges. Although the result is perhaps heuristically expectable, it is still non-trivial because there is no general theory of properties of the heat semigroup under compactly supported perturbations. Moreover, the result admits an interesting stochastic interpretation in terms of properties of the Brownian motion.
It is well known that the large time behaviour of the heat kernel is related to transient/recurrent properties of the Brownian motion and spectral-threshold characteristics of the generator; see, e.g., Pinsky's monograph [29] and a recent survey of Pinchover [28] . One way how to characterise the latter in our context is through the existence/non-existence of the Hardy inequality for the Dirichlet Laplacian. There is an extensive literature on Hardy inequalities in conical domains (see [14] and references therein), but curved wedges do not seem to be considered in the present context. Using a classical Hardy inequality for simply connected domains with a Hardy weight expressed by the distance to the boundary (see, e.g., [1] , [9] , [10] , [25] ), one can instantly obtain a number of Hardy inequalities in our curved wedges. Using curvilinear coordinates, it is also possible to get a Hardy inequality with a Hardy weight expressed by the distance to the conical singularity which becomes optimal for straight wedges. In this paper, we go beyond these immediate inequalities and establish an improved Hardy inequality which holds if, and only if, the wedge is curved (Theorem 2).
To state the main results of this paper, let us first introduce a general class of curved wedges. Given a function θ : (0, ∞) → R and a number a ∈ (0, 1], let us consider the two-dimensional domain
We call Ω a curved wedge of opening angle 2πa. We are primarily interested in the large time behaviour of the heat semigroup e
where −∆ Ω D denotes the (non-negative) Dirichlet Laplacian in L 2 (Ω). The geometry of a curved wedge can be quite complex, see Figure 1 . In fact, any type of unbounded domain from Glazman's classification [19, Sec. 49 ] (see also [15, Thm. X.6.1]) can be realised: quasi-conical (i.e. containing arbitrarily large disks), quasi-cylindrical (i.e. not quasi-conical but containing a sequence of identical pairwise disjoint disks) and quasi-bounded (neither quasi-conical nor quasi-cylindrical). A characteristic assumption of this paper is that the derivative θ ′ vanishes at infinity, so that Ω is a local perturbation of the straight wedge (1). More specifically, we assume that θ ∈ C 1 ((0, ∞)) is such that
For a majority of the results in this paper, we actually require that θ ′ decays at infinity fast enough (cf. (8)) or even that θ ′ (r) = 0 for all sufficiently large r. Then Ω is a compactly supported perturbation of the straight wedge Ω 0 . In particular, Ω shares the property of Ω 0 being quasi-conical, and consequently (see, e.g., [15, Thm. X.6.5])
It follows from the spectral mapping theorem that e t∆ Ω D L 2 (Ω)→L 2 (Ω) = 1 for all t ≥ 0. To reveal a decay of the heat semigroup in a more adapted topology, we introduce a weighted space
and reconsider (3) as an operator from
. As a measure of the decay of the heat semigroup, we then consider the polynomial decay rate
Our main result reads as follows.
and supp θ ′ is compact in R. Then
We remark that (8) implies the asymptotic behaviour at infinity (4), while singularities of θ ′ at zero are allowed by this hypothesis.
The 1/2 on the right hand side of (9) is the usual power in the polynomial decay rate of the heat semigroup in R 2 (more generally, one has d/4 in R d ), while the additional a-dependent term is an improvement due to the extra Dirichlet boundary conditions. The results agree with the decay rates for the straight wedges, where the heat kernel can be written down explicitly by a separation of variables (see [6, p. 379] or more generally [4, Lem. 1] ). Despite of the existence of an extensive literature on properties of the Brownian motion in straight cones (see in particular [11] , [4] and the recent review [12] with many further references), the present Theorem 1 seems to be new because of the curved feature of the boundary of Ω.
We expect that the conclusion of Theorem 1 remains valid even if θ ′ is not compactly supported but it decays to zero sufficiently fast at infinity. On the other hand, it is possible that the decay of the heat semigroup is faster than polynomial provided that θ ′ decays to zero very slowly at infinity. This conjecture is supported by subexponential asymptotics of the heat kernel of Schrödinger operators with slowly decreasing potentials [32] and related properties of the Brownian motion in parabolic domains [3] , [27] , [26] , [31] .
The statement of Theorem 1 for solutions u of the heat equation
can be reformulated as follows. If u 0 ∈ L 2 w (Ω), then, for every δ > 0, there exists a positive constant C δ (depending in addition to δ on a) such that
for each time t ≥ 0 and any initial datum u 0 ∈ L 2 w (Ω). The constant C δ can in principle explodes as δ → 0, but we expect that it can be actually made independent of δ in the limit, relying on other situations where the method of proof that we use is known to give optimal decay rates (see below).
From (11) it is possible to deduce the following pointwise bound.
Corollary 1.
Let θ ∈ C 1 ((0, ∞)) be such that (8) holds and supp θ ′ is compact in R. For any positive number δ, there exists a constantC δ such that the solution u of (10) with an arbitrary initial datum u 0 ∈ L 2 w (Ω) obeys
where Γ θ,a is given by (9).
Our proof of Theorem 1 is based on the method of self-similar variables that was originally developed for the heat equation in the whole Euclidean space by Escobedo and Kavian in [17] and subsequently applied to the heat equation with variable coefficients in numerous works; we refer to the recent paper [7] for an extensive reference list. The method was also applied to the heat equation in non-trivial geometries, namely in twisted tubes in [23] and [24] and in curved manifolds in [21] . We shall see that the present problem exhibits certain similarities with the problem in twisted tubes when suitable curvilinear coordinates are applied, cf. Section 2.1.
Theorem 1 and its Corollary 1 are proved in the following Section 2. Theorem 1 follows as a consequence of lower (Theorem 3) and upper (Theorem 4) bounds to the decay rate. Corollary 1 is a special case of a more general result (Theorem 5).
To the end of the paper we append Section 3, where we raise a conjecture about an improved (possibly non-polynomial) decay rate in non-trivially curved wedges (i.e. θ ′ = 0) with respect to the straight wedges. In fact, although the spectrum (5) is insensitive to variations of the boundary of Ω provided that (4) holds, there is an improved Hardy inequality in the former case:
Inequality (13) holds in straight wedges (i.e. θ ′ vanishes identically) with c = 0 and it is optimal in this case (in the sense that it cannot be improved by ad Ing a positive term on the right hand side). The message of Theorem 2 is that a better inequality holds whenever the wedge is non-trivially curved. Although there is an extensive literature on Hardy inequalities in conical domains (see [14] and references therein), Theorem 2 seems to be new.
The polynomial decay rate of the heat flow
This section is devoted to proofs of Theorem 1 and its Corollary 1.
Curvilinear coordinates
As usual, we understand
In this subsection we express the Dirichlet Laplacian and the associated heat equation (10) in natural curvilinear coordinates.
By definition (2), Ω coincides with the image of the mapping L : U → R 2 , where
and U := (0, ∞) × (0, 2πa). Let θ ∈ C 1 ((0, ∞)). Then it is easy to see that L induces a C 1 -smooth diffeomorphism between U and Ω. The corresponding metric G := ∇L · (∇L) T acquires the form
Introducing also L 0 : U → R 2 by L 0 (r, ϕ) := (r cos ϕ, r sin ϕ) ∈ Ω 0 , we may understand (14) as an identification of Ω with the straight wedge Ω 0 introduced in (1) 
Using the unitary transform
defined by u → u • L, we consider the unitarily equivalent operator H :
The latter is just the operator in the new Hilbert space H associated with the transformed form
. For later purposes, we also introduce the unitary trans-
where (15) yields that h acts as in (18) . It remains to show that the norm induced by h is equivalent to · H 1 . Note that the latter is just the norm of H 1 (Ω 0 ) written in polar coordinates. Assumption (8) means that there exists a constant C such that |θ ′ (r)| ≤ C/r for all r ∈ (0, ∞). Elementary estimates yield
and
for all ψ ∈ C 1 0 (U ) and every ǫ ∈ (0, 1). Hence, the equivalence of the norms follows by choosing ǫ sufficiently small.
In a distributional sense we may write
We notice that H has a structure similar to the Dirichlet Laplacian in a twisted tube when expressed in suitable curvilinear coordinates, cf. [16] . By the unitary equivalence above, it is enough to establish the result (9) for the heat semigroup e −tH in H. Given ψ 0 ∈ H, ψ(t) := e −tH ψ 0 is a solution of the Cauchy problem
By the Hille-Yosida theorem [5, Thm. 7.7] ,
By the Beurling-Deny criterion, e −tH is positivity-preserving for all t ≥ 0. Moreover, the real and imaginary parts of the solution ψ of (23) evolve separately. By writing ψ = ℜψ + i ℑψ and solving (23) with initial data ℜψ 0 and ℑψ 0 , we may therefore reduce the problem to the case of a real function ψ 0 , without restriction. Consequently, all the functional spaces are considered to be real in this section.
Self-similar variables
Now we adapt the method of self-similar variables. It was originally developed for the heat equation in the whole Euclidean space in [17] . We refer to [23] for an application to twisted tubes which exhibit technical similarities with the present geometric setting.
If (r, ϕ, t) ∈ U × (0, ∞) are the initial space-time variables for the heat equation (23), we introduce self-similar variables (ρ, ϕ, s) ∈ U × (0, ∞) by ρ := (t + 1) −1/2 r , s := log(t + 1) .
The angular variable ϕ is not changed by this transformation. We naturally write y := (ρ cos(ϕ), ρ sin ϕ) ∈ Ω 0 , so that |y| 2 = ρ 2 . If ψ is a solution of (23), we then define a new functioñ ψ(ρ, ϕ, s) := e s/2 ψ e s/2 ρ, ϕ, e s −1 .
The inverse transform is given by ψ(r, ϕ, t) = (t + 1)
It is straightforward to check thatψ satisfies a weak formulation of the non-autonomous parabolic problem
where
with the rescaled function θ
The self-similarity transform ψ →ψ acts as a unitary transform in H ≡ L 2 (U, ρ dρ dϕ); indeed, we have
for all s, t ∈ (0, ∞). This means that we can analyse the asymptotic time behaviour of the former by studying the latter. However, the natural space to study the evolution (28) is not H but rather the transformed analogue of (6)
To avoid working in weighted Sobolev spaces, we proceed equivalently by introducing an additional transform
Then the Cauchy problem (28) is transformed to
More precisely, L s is defined as the (self-adjoint) operator in H associated with the quadratic form
for all φ ∈ C 1 0 (U ), where C := sup r∈(0,∞) |r θ ′ (r)| is finite due to (8) 
for all φ ∈ C 1 0 (U ), and this identity extends to the real part of the quadratic form associated with M s for all φ ∈ D(l s ).
We remark that the form domain D(l s ) as a set is independent of s. To see it, we compare l with the following s-independent form
where H 1 0 is introduced in (19).
Proposition 2. Let θ ∈ C 1 ((0, ∞)) be such that (8) holds. Then there is a positive constant C such that
for every φ ∈ C 1 0 (U ).
Proof. The inequalities can be obtained in the same way as in the proof of Proposition 1. It is only important to point out here that the constant C can be chosen independent of s as a consequence of the scaling (25) and the assumption (8).
Consequently, the norms · ls and · l are equivalent. In particular, D(l s ) = D(l) for all s ≥ 0. We also remark that D(l) is compactly embedded in H, which implies that L s is an operator with compact resolvent for all s ≥ 0.
The fact that (34) is well posed in the scale of Hilbert spaces
follows by an abstract theorem of J. L. Lions [5, Thm. 10.9] about weak solutions of parabolic problems with time-dependent coefficients. We refer to [23] for more details in an analogous situation. Here it is important that (36) holds true, so that the form associated with the form sum L s+ M s is bounded and coercive on D(l).
Reduction to a spectral problem
Using (36), it follows from (34) that the identity
holds for every s ≥ 0. Now, as usual for energy estimates, we replace the right hand side of (39) by the spectral bound
where λ θ,a (s) is the lowest eigenvalue of L s . Then (39) together with (40) implies Gronwall's inequality
valid for every s ≥ 0. From (41) with help of (33), (31) and the relationship (25), we obtain the crucial estimate Γ θ,a ≥ λ θ,a (∞) := lim inf
We refer to [24, Sec. 
The asymptotic behaviour
It remains to study the asymptotic behaviour of λ θ,a (s) as
converges in the sense of distributions on (0, ∞) to zero as s → ∞. Hence, it is expectable that L s converges, in a suitable sense, to the operator
as s → ∞. The latter should be understood as the operator associated with the quadratic form (37). The following result confirms this expectation.
Proposition 3. Let θ ∈ C 1 ((0, ∞)) be such that (8) holds and supp θ ′ is compact in R. Then the operator L s converges to L in the norm-resolvent sense as s → ∞, i.e.,
Proof. First of all, we note that 0 belongs to the resolvent set of L and L s for all s ≥ 0. In fact, by Proposition 2 (proved under hypothesis (8)), we have the Poincaré-type inequality
for every φ ∈ D(l), where λ 1 is the lowest eigenvalue of L, which is easily seen to be positive due to the positivity of the form (37) and the fact that the spectrum of L is purely discrete (explicit value of λ 1 is given in Proposition 4 below). To prove the uniform convergence (44), we shall use an abstract criterion from [7, App.] according to which it is enough to show that
for every sequence of numbers {s n } n∈N ⊂ R such that s n → ∞ as n → ∞ and every sequence of functions {f n } n∈N ⊂ H weakly converging to f ∈ H and such that f n H = 1 for all n ∈ N.
We set φ n := L −1 sn f n , so that φ n satisfies the weak formulation of the resolvent equation
Choosing v := φ n for the test function in (47), we have
Recalling (45), we obtain from (48) the uniform bound
At the same time, employing the first inequality in (45), the bounds (48) and (49) yield
It follows from (49) and (50) that {φ n } n∈N is a bounded sequence in D(l) equipped with the norm · l . Therefore it is precompact in the weak topology of this space. Let φ ∞ be a weak limit point, i.e., for an increasing sequence {n j } j∈N ⊂ N such that n j → ∞ as j → ∞, {φ n j } j∈N converges weakly to φ ∞ in D(l). Actually, we may assume that the sequence converges strongly in H because D(l) is compactly embedded in H. Summing up,
Now we pass to the limit as n → ∞ in (47). Taking any test function v ∈ C 1 0 (U ) in (47), with n being replaced by n j , and sending j to infinity, we obtain from (51) the identity
(52)
In the limit, we have used (8) to get rid of the terms containing θ ′ sn . More specifically, we write
where the second term on the right hand side is bounded due to (50), while
by the dominated convergence theorem using (8) (to get a dominating function) and θ ′ (r) = 0 for all sufficiently large r (to get a pointwise convergence). A similar argument holds for the other terms containing θ ′ sn . Since C 1 0 (U ) is a core of l, then (52) holds true for all v ∈ D(l). We conclude that φ ∞ = L −1 f , for any weak limit point of {φ n } n∈N . From the strong convergence of {φ n j } j∈N , we eventually conclude with (46).
A lower bound to the decay rate
Since the operator L is naturally decoupled, its spectrum is easy to find.
where we use the convention 0 ∈ N and denote N * := N \ {0}.
Proof. We have the direct-sum decomposition (cf. [30, Ex. X.
where, for each fixed m ∈ N * , L m is an operator in L 2 (0, ∞), ρ dρ and
with m ∈ N * , are respectively the eigenvalues and the corresponding eigenfunctions of the operator −∂ 2 ϕ in L 2 (0, 2πa) , subject to Dirichlet boundary conditions. Fixing m ∈ N * , the eigenvalues and the corresponding eigenfunctions of the one-dimensional operator L m are respectively given by (cf. [22, Prop. 3 
where n ∈ N and L µ n are the generalised Laguerre polynomials (see, e.g., [2, Sec. 6.2]). Summing up, using the decoupled form of (43), the spectrum of L is composed of the eigenvalue sum
associated with the eigenfunctions
Formula (55) leads to the set sum (53).
As a consequence of Proposition 3, the eigenvalues of L s converge to the eigenvalues of L as s → ∞. In particular, for the lowest eigenvalue we have
where the second equality follows from Proposition 4. Recalling (42), we have thus established the following result.
Theorem 3. Let θ ∈ C 1 ((0, ∞)) be such that (8) holds and supp θ ′ is compact in R. Then
2.6 An upper bound to the decay rate -proof of Theorem 1
In view of Theorem 3, it remains to show that the lower bound to Γ θ,a is optimal.
Theorem 4. Let θ ∈ C 1 ((0, ∞)) be such that (8) holds and supp θ ′ is compact in R. Then
Proof. By definition (7), it is enough to find an initial datum ψ 0 ∈ H w such that the solution of (23) satisfies the inequality ψ(t) H ≥ c (1 + t) −λ θ,a (∞) for all t ≥ 0 with some positive constant c that may depend on ψ 0 . We choose ψ 0 (r, ϕ) := w(x) −1/2 φ 0 (r, ϕ), where
is the eigenfunction of L corresponding to the lowest eigenvalue (57) (cf. (56), where we have used the identities L µ 0 = 1 and H 0 = 1). Then the function φ defined by (33) and (26) solves (34), where ψ is the solution of (23). Let R be such that θ ′ (r) = 0 for all r ≥ R. By (25), θ ′ s (ρ) = 0 for all ρ ≥ e −s/2 R =: R s . Since the action of L s coincides with the action of L wherever θ ′ s = 0, we have the explicit solution
for every s ≥ 0 and (ρ, ϕ) ∈ [R s , ∞) × (0, 2πa). Recalling (31) and (33) together with the relationship (25), we get
for all t ≥ 0, where χ r denotes the characteristic function of the set (r, ∞) × (0, 2πa).
Theorem 1 follows as a consequence of Theorems 3 and 4.
From normwise to pointwise bounds -proof of Corollary 1
Corollary 1 follows as a consequence of this more general result.
Theorem 5. Let θ ∈ C 1 ((0, ∞)) be such that (8) holds and supp θ ′ is compact in R. For any positive numbers ε and δ, there exists a constant C δ,ε such that the solution u of (10) with an
Proof. Using the semigroup property, the solution u of (10) satisfies
for every t ≥ ε > 0. By [8, Thm. 2.1.6], the heat kernel k(x, x ′ , t) of e t∆ Ω D is bounded by the heat kernel in the whole Euclidean space, i.e.,
for every t ∈ (0, ∞) and x, x ′ ∈ Ω. Using the Schwarz inequality and (61), we get
for every t ≥ ε > 0 and x ∈ Ω. Denoting c ε := (4πε) −1 (2πε) 1/2 and using (11), we eventually obtain
for every t ≥ ε > 0 and δ > 0.
The Hardy inequality
This section is devoted to a proof of Theorem 2. We again use the curvilinear coordinates of Section 2.1.
An immediate Hardy inequality
Employing (18), it is easy to establish (13) with c = 0, that is,
Indeed, it is enough to estimate the angular part of the gradient in (18) by the lowest eigenvalue of the operator −∂ 2 ϕ in L 2 ((0, 2πa)), subject to Dirichlet boundary conditions, i.e. to use the Poincaré-type inequality (cf. (54)),
and simply neglect the other term in (18) . By a test-function argument, it is also easy to see that the immediate Hardy inequality (62) is optimal for straight wedges (i.e. θ ′ = 0), in the sense that the operator −∆
(where the first sum should be understood in a form sense) possesses negative eigenvalues for any non-negative non-trivial potential V ∈ C ∞ 0 (Ω 0 ). Alternatively, the claim can be found in [13, Ex. 11.1] (see also [14, Ex. 1.4] ), where the question of optimal Hardy weights for elliptic operators is treated in a great generality.
The content of our Theorem 2 is that a positive term can be added on the right hand side of (62) provided that θ ′ is not identically equal to zero. Our approach employs some ideas of [23] .
An improved local Hardy inequality
First, we establish an improved Hardy inequality, for which the added term on the right hand side of (62) is not positive everywhere in Ω.
Given a positive number R, define U R := (0, R) × (0, 2πa). Using (14) , Ω R := L(U R ) is a bounded subset of Ω. We set λ(R, θ ′ ) := inf
We emphasise that the test functions ψ are restrictions of functions from the whole U , so that the minimisers of (64) satisfy a Neumann boundary condition on {R} × (0, 2πa). The following result follows easily from Proposition 1 and definition (64).
Theorem 6. Let θ ∈ C 1 ((0, ∞)) be such that (8) holds. We have
Of course, (65) represents an improvement upon (62) only if the number λ(R, θ ′ ) is positive. In this case we call (65) a local Hardy inequality. It turns out that it can be always achieved provided that Ω is non-trivially curved.
Proof. Let R 0 be any positive number for which θ ′ is not identically equal to zero on (0, R 0 ). Then, of course, θ ′ = 0 on (0, R) for every R ≥ R 0 . Because of the boundedness of U R , one can show that the infimum in (64) is achieved by a function ψ ∈ L 2 (U R , r dr dϕ) satisfying
(66) Moreover, by elliptic regularity, ψ is smooth in U R . Now let us assume, by contradiction, that λ(R, θ ′ ) = 0. Then the integrals in (66) are simultaneously equal to zero due to (63). From the vanishing of the second integral, we obtain
where ν 1 is the first angular eigenvalue defined in (54) and g is a smooth function. Plugging this separated function ψ into the first integral in (66), putting it equal to zero and integrating by parts, we conclude with the two identities It follows that θ ′ = 0 on (0, R), a contradiction.
Finally, by Theorem 6, we havẽ
Combining (68) with (69) and interpolating the result with (70), we get (4) and (8) of this paper (moreover, θ ′ is compactly supported for (a) and (c)). Wedges (e) and (f) are examples of unbounded quasi-cylindrical and quasi-bounded domains, respectively, that are not considered in this paper.
